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Summary

In support of the preliminary evaluation of various engine

technologies, a methodology has been developed for structur-

ally designing the rotating disks of an aircraft engine. The

structural design methodology, along with a previously derived

methodology for predicting low-cycle fatigue life, was imple-
mented in a computer program. An interface computer program

was also developed that gathers the required data from a

flowpath analysis program (WATE) being used at NASA

Lewis. The computer program developed for this study re-

quires minimum interaction with the user, thus allowing engi-
neers with varying backgrounds in aeropropulsion to

successfully execute it. The stress analysis portion of the

methodology and the computer program were verified by

employing the finite element analysis method. The 10th-stage,

high-pressure-compressor disk of the Energy Efficient Engine

Program (E 3) engine was used to verify the stress analysis; the
differences between the stresses and displacements obtained

from the computer program developed for this study and from

the finite element analysis were all below 3% for the problem

solved. The computer program developed for this study was
employed to structurally optimize the rotating disks of the E 3

high-pressure compressor. The rotating disks designed by the

computer program in this study were approximately 26%

lighter than calculated from the E 3 drawings. The methodology

is presented herein.

Introduction

The first steps in evaluating a new propulsion concept are

thermodynamics study and mission study. However, other
areas, such as mechanical design, weight, and cost of the

propulsion system, need to be examined before a final selection

of the propulsion system is made. The methodology used in this

study provides an easy-to-use, rapid, and accurate method of

designing and calculating the weight of a homogeneous

rotating disk. A typical rotating disk and blades are shown in

figure 1.

A primary challenge in evaluating the necessary technology

and thus identifying the designability of an aircraft gas turbine

engine at the preliminary stages of an engine program is to
determine the structural adequacy of the rotating disks because,

generally, they experience the highest stress and temperature

levels among engine components. Determining the adequacy
of candidate engines in the areas of thermodynamics and

mission is a relatively simple process. A similarly simple

analysis tool to more completely evaluate the rotating disks and

their structural adequacy would speed up the elimination

process for engine candidates. The purpose of this study was to

provide this analysis tool. With this tool the user can determine
if the rotating disks can be designed within the limitations of

current technology (such as material temperature limitations)

and, if not, what thermodynamic requirements should be re-

laxed or what new technologies should be placed in the engine

program in order to meet the system-level aircraft require-

ments. This study focused on developing (1) the structural and

optimization methodology and the finite difference formula-

tion for rotating disks, (2) a computer program to interface with
the fluids and thermodynamic computer programs presently

being used at NASA Lewis, and (3) a computer program to
implement this desired structural and optimization methodol-

ogy.
To verify the analytical results obtained from this study, the

rotating disk of the 10th-stage compressor of the E 3engine was

modeled by using the finite element technique. The differences

in the stress and displacement results from the computer

program developed for this study and from the finite element

technique were all less than 3%. The structural optimization
results for a selective number of the rotating disks of the E 3

high-pressure compressor are also reported and compared with
the flowpath analysis program WATE output and the E 3

drawings.
A pioneer in developing and documenting the methodology

and structural formulation for rotating disks is Manson (ref. 1).

Manson along with Millenson (ref. 2) and Mende|son (ref. 3)

also pioneered the field of plasticity and low-cycle fatigue, and
they tested and verified their structural methodology with

structural experiments. The methodology developed by Manson
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Figure 1.mRotating disk and blades.

led to the finite difference technique, which was used here to

solve the equilibrium and compatibility equations. One signifi-

cant difference from Manson's methodology was that in this

study disk thickness was a linear function of disk radius. In

Manson's methodology disk thickness is constant. Further-

more, in this study the temperature gradients were also linear

functions of disk radius. With linear assumptions for both

temperature gradient and thickness variation, larger finite dif-

ference nodes could be used to predict the same stress, strain,

and displacement levels for the same accuracy. Using larger
finite difference nodes reduced the sizes of the matrices in the

computer program and greatly shortened computation time.

Short computation time was desirable in the present study
because an optimization technique was used to predict the

optimum weight while considering all the structural and design

constraints. The computer program developed by Manson was
written in 1947, and no attempt was made to obtain this

program.
The methodology developed by Manson in reference 4,

which predicts the low-cycle fatigue life of structural material,

was closely followed in this study. The formulation ofManson' s

methodology is fully discussed in the section Low-Cycle

Fatigue Methodology.
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Su

modulus of elasticity

force

polar mass moment of inertia

disk mass

slope in linear equation

low-cycle fatigue life in cycles

constant in linear equation; number of variables in

minimization problem

number of constraint equations in minimization prob-
lem

radial distance to centroid of any differential element

radius of gyration

material ultimate strength

Symbols

A disk cross-sectional area

T

material yield strength

temperature difference between operating and

assembly temperatures

D material ductility disk thickness
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displacement in radial direction

net work

coefficient of thermal expansion

strain

rotational distance to centroid of any differential
element

Poisson' s ratio

disk mass density

stress

rotational velocity

Subscripts:

avg

i

J

o

r

T

Z

0

average

inside; node number

disk section number

outside

radial

temperature

axial

rotational; tangential

Theory

The rotating disks of a gas turbine engine are subjected to

body forces, blade loads, and thermal loads as well as shaft

torque loads and engine thrust and landing loads. The important

design loads are body forces, blade loads, and thermal loads.
The influence of other loads on disk overall design is only local.

The body forces and blade loads are proportional to the square

of the rotational speed. The thermal loads are caused by the disk

heating and cooling. Uneven heating and cooling cause a radial

temperature gradient within the disks, in turn causing thermal
loading. Thermal loads are linearly proportional to the radial

temperature gradient.
The methodology and structural formulations in this study

are based on the following assumptions:

(1) The thickness of the disk is small relative to its radius;

thus (a) the variations of radial and tangential stresses over the

thickness can be neglected (ref. 1), (b) the variation of tempera-

ture gradient in the axial direction can be neglected, and (c) a

plane stress condition can be assumed.

(2) The displacements are small; thus the small-angle as-

sumption can be made.

(3) The disk material is homogeneous and isotropic and
follows Hook's law (ref. 5).

(4) The supporting structures for the rotating disks are
flexible relative to the disk structure and do not impose a radial

or tangential constraint on the disks. These supporting struc-

tures are thin cylinders and cones that connect the disks to each

other and to the shaft. The only constraints that these cylinders

and cones provide are in shear and torsion. The validity of this

assumption was verified with the mechanical design group at
General Electric Aircraft Engine Group (ref. 6).

Figure 2 shows adisk of variable cross section t whose inside

radius is r i and outside radius is ro and a free-body diagram in
the polar coordinate system of a differential element of the disk

with all the applied loadings.

By using the preceding assumptions (1 a), (lb), and (2), the
sum of the loads in the radial and tangential directions can be

expressed as

y_.,Fo = o (1)

E Fr = 0, which results in dFrdr- FodO + pr2032drdO = 0
dr

(2)

where

F 0

F r

r

0

P

00

force in tangential direction

force in radial direction

radial distance to centroid of any differential element

tangential distance to centroid of any differential
element

disk mass density

rotational velocity

In a biaxial stress state (assumption lc), the stresses in the
axial direction are zero. Therefore, the forces in the axial

direction were not considered in this study. In terms of the
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Figure 2._Typical rotating disk.
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stresses acting on the surfaces of the differential element

F r = OrrtdO (3)

Fo = aatdr (4)

where

_0

qffr

tangential component of stress

radial component of stress

The disk thickness as a linear function of the radial distance is

t = mr + n (5)

where

m

n

slope

constant

Substituting equations (3) to (5) into equation (2) results in

the equilibrium equation for the disk:

dt_ r 2mr + n 1
+ Or -- -- + prO)2 = 0 (6)

dr mr 2 + nr r o0

The terms in equation (6) reveal an interdependency between

the radial and tangential stresses. Next, this interdependency

should be defined and substituted back into the equation in

order to have only one variable. It may appear in equation (6)

that there are mechanical loads only and no thermal loads.
However, the influence of the thermal loads in the overall disk

loading is included in the strain relationships and thus in the

stress terms. By using assumptions (lb), (lc), and (3), the

relationships between the stresses and strains in two orthogonal

dimensions can be expressed as (ref. 5)

1 O V(_0) + aTEr = E-( r-
(7)

10
E 0 =--E( o-VOr)+_T

(8)

where

er radial component of strain

eo tangential component of strain



E modulus of elasticity

v Poisson' s ratio

ct coefficient of thermal expansion

T temperature difference between operating and

assembly temperatures

Equations (7) and (8) are solved for the stresses in the radial

and tangential directions to obtain

Eor- +w0-/,1 -v 2
(9)

E E-- 0+Wr-(1+V) T] (10)

The strains in the polar coordinate system are defined as

(ref. 5)

U

e 0 = - (11)
F

du

8r dr (12)

where

u displacement in radial direction

Equations (11) and (12) suggest that all the variables sought

in this study, such as the stresses and strains, are functions of

only the radial displacement. Substituting equations (11) and
(12) into (9) and (10) results in

l_-_Ev2 [ u vdU-(1 +v)_tT]°r = r + dr
(13)

d" + - (I+
(3"0 = 1- V 2 [_dr r

(14)

Differentiating equation (13) with respect to radius and

substituting it along with equations (13) and (14) into equation

(6) result in a single differential equation with one variable,

displacement:

d2u +( 2mr+n']du+[ v l v( 2mr+n ]]
dr 2 _ mr2 _nr J-drr Lr_--r_+r[mr2_nnrjjU=

ct(l+v) _-+.mr2 +n r 1 T E (15)

Equation (15) represents the disk displacement field and is

a boundary value problem. The difference between equation
(15) and what has been reported in the literature reviewed in

this study is that equation (15) includes linear relationships for

the thickness and temperature distribution as functions of the

radius. These additional capabilities enable the analyst to more
accurately predict the stresses and displacements with fewer

finite difference nodes. Equation (15) is a linear, second-order,

nonhomogeneous differential equation with variable coeffi-

cients and requires two boundary condition equations for a

complete and quantitative solution. The boundary conditions

that lead to the solution for this equation can be derived from

the physical environment at the disk bore and rim. At the bore

the radial stress is zero. At the rim the radial stress is equal to

the centrifugal loads resulting from the rotation of the blades

and their support points divided by the cross section of these

support points.

In the preceding discussion, since no additional constraints

(boundary conditions) were imposed on the disks, the rotating
disks may appear to be freely floating. In reality, these disks are

not freely floating and cannot possess any rigid-body motions.

The disks not only support the blades, they also provide the load

paths for transferring the torque from the shaft to each other and

for transferring shear and bending of the rotor subassembly.
The disks are free at the bore; that is, there is no connection

between the disks and the shaft so that the required cooling air

can freely flow through the disks. The disks are connected at the

rim to each other and to the shaft through a series of thin

cylinders and cones. As explained in assumption (4), the

relatively thin cones and cylinders do not impose a high level
of structural constraint on the disks. Relative to their support-

ing thin cylinders and cones, the disks are structurally massive

and stiff. Therefore, the cylinders and cones will deform rather

freely when the disks are under thermal and/or centrifugal

loadings. As a result, in this study, no outside constraints from

the supporting structures are imposed on the disks. The bound-

ary condition equations can be expressed as

du

v---(1 +v) ctT= 0 (16)t_r=r ' = 0; thus, u+ dr



u du 0 bladeE

Gr=ro = Oblade; thus, -- + Vr dr 1 - v 2

- (l+v)0tT= 0 (17)

Equations (16) and (17) are also nonhomogeneous differen-

tial equations.

General Solution, Finite Difference

Approach

There are many methods in the literature for solving equa-

tion (15) along with its boundary conditions, equations (16)

and (17). Some of these methods are superposition, chasing,

adjoint operator, shooting, and transformation (ref. 7). How-

ever, these methods are only appropriate for a continuum with

a one-time variation in the coefficients of the equation. When

considering a practical rotating disk, the disk thickness varies

with radius at least five times (fig. 3).

Equation (15) should satisfy the displacements and stresses

of all disk sections, 1 to 5, at the same time. The appropriate

method for solving equation (15) is either the finite element
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Figure 3._Schematic

of disk cross section,

where ri is the radius

of section i and ti is

the thickness of

section i (i = 1 to6).

method or the finite difference method. The finite element

method was not used in this study because, in general, it

consumes more computer time due to operating on larger

matrices. Computer time becomes a significant issue when an

optimization technique is used to arrive at an optimum solution.

In this study an optimization technique was used to determine

the sizes of the rotating disks. Therefore, the finite difference

technique was used to solve equation (t5) along with its

boundary conditions, equations (16) and (17).

Next, equations (15) to (17) were transformed into the finite

difference format. Equations (15) to (17) have two terms that

contain the first and the second derivatives of displacement

with respect to radius. By employing the Taylor series to

expand the first derivative of displacement with respect to

radius and selecting only two terms as an approximation, the

first derivative can be expressed as (ref. 7)

du _ ui+ 1 - u i + O(Ar) (18)
dr Ar

where

ui displacement of node i

Ar difference between radii of node (i+ 1) and node i

O(Ar) first-degree errors due to truncation

The second derivative of displacement with respect to radius

can be expressed as (ref. 7)

d2___.uu _ ui-1 - 2u i + ui+ 1

dr 2 Ar
+ O(Ar) (19)

Substituting equations (18) and (19) into (15) results in an

equation representing the displacement field for the intemal

nodes of the disks, as follows:

V

1 | 2 2m_ +n

A_2Ui-l---_ri 2[ + A_(mri2 + n_)

q
vm_ -mv - n /

m--_3 + n-_2 lu'

+ [-_- q 2mri+n ] (1- v2)p 02L Ari AM (mri2 + n_) u i+l - E

+ (1 + V)Ot
m(mT_m_ + n+ nT) + mT]

(20)



where

m T slope of temperature gradient with respect to radius in

linear equation Ti = mTr i + n T

nT constant in linear equation T i = mTr i + nT

The approach taken to derive the finite difference equation

for the boundary conditions was somewhat different from the

one used in equation (20). Although the approach could have
been the same, due to the anticipated high stress gradients at the

disk bore and rim, the finite difference equations for the first

derivatives were modified and improved to provide higher

accuracy. In this approach the first derivatives of displacement

with respect to radius are contained in three terms. To derive the
three-term, first-derivative equation, the Taylor series about

point i can be expanded as

Ui+l=Ui+(dU]Ar+l(d2_l Ar 2+l(d3u I
\dr) i 2_dr )i -6_dr3)i Ar3

+ O(Ar) 4 (21)

ui+2=ui+(du) 2At+ l(d2u) +l(d3u)
-\dr) i 2_dr2)i4Ar2-6_dr3)i8Ar3

+ O(Ar) 4 (22)

where

O(Ar) 4 fourth-order errors due to truncation

Multiplying equation (21) by 4 and subtracting equation (22)
result in

du = _4 -3ui + 4Ui+l - ui±2 + O(Ar) 2 (23)
dr 2Ar

where

O(Ar) 2 second-order errors due to truncation

Substituting equation (23) into equations (16) and (17) results

in the finite difference equations for the boundaries of the disk
at its bore and rim:

( ,3_ + ui + Art ui÷l 2Ar ui÷2 = (1+ v)ar i (24)- 2Ar r

3 + V)u 2 1 1- v 2
_r 7)i--_rUi-l+-_rui-2 =T Oblade

+ (1 + v)c_T i (25)

Equations (20), (24), and (25) provide the complete solution

for a rotating disk whose thickness and temperature are linear
functions of the disk radius. The external mechanical loads are

provided through the stresses at the rim, and these stresses are
calculated from the centrifugal blade loads acting on the rim.
The thermal loads are the radial temperatures of the disk. In

each of the five disk sections of figure 3 the thickness varies

differently with radius. The temperature distribution in each
section also varies differently with radius. Therefore, at the

boundaries joining the disk sections the appropriate compat-

ibility equations should be derived and transformed into the
finite difference format.

At the boundaries joining adjacent sections of the disk the

displacements and stresses of one section should be equal to
those of the adjoining section. The compatibility equations for

the stress and displacement are as follows:

o_ = o%t (26)

- (27)
_0j -- OOj+ 1

Uj = Uj+ 1

where

subscript denoting disk section number

(28)

Note that because nodes j and j+l do not have the same

radial dimensions, equations (26) to (28) are only approxima-

tions. By using the definitions of the radial and tangential

stresses in equations (13) and (14), equations (26) and (27) can
be rewritten as

Iu I Iu 1+V---(I+v)_T = +V---(I+v)o_T
dr j dr j+l

[du:ur+vu-(l+V)0tT] =_dU+vU_(l+v)otT].Ldr r
j j+l

(29)

(30)

Substituting equation (28) into equations (29) and (30) and

subtracting the result in the compatibility equation for the

slope of displacement:



 31,
Therefore, if the requirements of equations (29) and (30) at the
boundaries between adjacent sections of the disk are met, the

requirements for the stresses and other important elasticity

variables will be satisfied as well. Substituting equation (23)
into (31) results in the finite difference equations for the

boundaries between adjacent sections of the disk:

Ui = Ui+ 1 (32)

+3u i - 4ui_ 1 + ui_ 2 _ -3Ui+l + 4ui+ 2 -- ui+ 3

2Arj 2Arj+ 1
(33)

The radial increments may be different in each disk section,

and equation (33) takes this fact into account. The compatibility
equation (33) is more accurate than the two-term finite differ-

ence equation, since the truncated errors are of higher magni-

tude. With the anticipated accuracy that equation (33) offers,
the increments for the nodalization at the boundaries between

two adjacent sections do not have to be as small as when a two-

term finite difference equation for the slope is used. Larger

finite difference nodes reduce the sizes of the analytical matri-

ces, resulting in shorter computation time.

An important stress value used in designing rotating disks is

the average tangential stress. This stress should meet the

requirements stated in the section Structural Design Require-

ments. The average tangential stress is calculated for the case

where the rotating disk yields, diminishing the radial stiffness

and the thermally induced loads. One method for predicting

this stress is to determine the net tangential force (by multiply-

ing the tangential stresses due to the mechanical and body
forces by their respective areas), and divide this force by the

disk cross section area. Another method for predicting such a

stress is simply to divide the net centrifugal loads of the entire

rotating disk and the blades by the disk cross-sectional area.

The following steps were taken to determine the average

tangential stress (note that the following equation can easily be

derived by using the basic geometry and static theory):

(1) Calculate the cross-sectional area of the rotating disk by

using

j=5

A= 22I-_-(r2-ri2)+nj(ro-ri)] (34)

j=l

(2) Calculate the mass of the rotating disk and the blades by

using

J=Srm =j(r2 )]M=2=pEl (ro -r?)÷T,o -r,. (35)
J

j=l t.

(3) Calculate the polar mass moment of inertia of the

rotating disk and the blades by using

j=5

Jp=2_PE[-_-(rSo-ri5)+nj(r4-ri4)]+Mblader2g.(36)--£,o

j=l

(4) Calculate the radius of gyration of the rotating disk and

the blades by using

rg = _-_- (37)

(5) Calculate the tangential force acting on the rotating disk
by using

FO= Mrg¢o2 (38)

(6) Calculate the average tangential stress in the rotating
disk by using

F0
= -- (39)

OO'avg A

Loads Methodology

As previously stated, several types of loads act on the

rotating disks. Mechanical loads are either internal or external.

The internal loads, which are due to the body forces of the disk

material, have already been included in the equilibrium and

compatibility equations. The external loads, which are used to

design the rotating disks, are caused by the centrifugal loads on

the blades and their support points (fig. 4). Section 6 of this

figure shows the entire blade support points. These support

points consist of airfoil, platform, dovetail, and the sections of

the rotating disk between the dovetail slots.
The slots into which the blade dovetail slides cause a stress

discontinuity in the tangential direction. This discontinuity

also causes the tangential stiffness of the rotating disk to be

zero; thus, the tangential stresses are zero. As a result, all the

centrifugal loads are reacted in the radial direction at the

boundary between sections 5 and 6. Therefore, in this study the

centrifugal loads caused by blade rotation and section 6 were
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Figure 4.---Schematics of disk cross section and disk sector.

calculated and summed. The total load was then applied as an
external load to section 5. The finite difference model, there-

fore, includes only sections 1 to 5.
To determine the centrifugal loads on the blade airfoil, the

following steps were taken:

(1) The blade height was calculated as the difference be-
tween the outside and inside radii of the flowpath. These radii

were available in the output for each stage of the compressor

or the turbine from the engine flowpath analysis.

(2) The chord length of the blade is equal to its height

divided by its aspect ratio. The blade aspect ratio is available

in the output for each stage of the compressor or the turbine

from the engine flowpath analysis.

(3) A volume containing the blade was calculated as the
blade height multiplied by the area formed from a square with

sides equal to the blade chord length.
(4) The volume of the blade airfoil was approximated by

multiplying a volume factor by the volume calculated in step

(3). The volume factors were 0.024 for the high-pressure fan

blade, 0.199 for the fan blade, 0.047 for the low-pressure

compressor, and 0.163 for the high-pressure compressor
(ref. 8).

(5) The mass of the blade airfoil is then its volume times its

mass density. See the section Material Data Base for a discus-

sion of material properties, such as density, for various stages

of the compressor and the turbine.

(6) The centrifugal load of the blade airfoil was calculated

by multiplying the airfoil's mass by its center of gravity from
the centerline of rotation.

(7) The load from a single airfoil was multiplied by the
number of blades at each stage of the compressor or the turbine

to obtain the total blade load. The number of blades is avail-

able in the output for each stage of the compressor or the

turbine from the engine flowpath analysis.

The centrifugal loads caused in section 6 were computed by

assuming it to be a rotating ring. Finally, the total centrifugal
loads on the blade airfoils and section 6 were applied at the

outer radius of section 5.

The thermal loads are essentially caused by the temperature

differences between the adjacent finite difference nodes. This

temperature distribution needs to be predicted by using other

computer programs that can perform thermal analysis of

axisymmetric continua.

Low-Cycle Fatigue Methodology

The methodology used for predicting low-cycle fatigue life
was based on work by Manson (ref. 4). Manson used the

method of universal slopes to represent the fatigue properties

of 29 materials in terms of their elastic and strength properties.

The material data base includes materials with crystalline

structures having body-centered-cubic, face-centered-cubic,

and hexagonal-close-packed arrangements. Other variables
considered in Manson's material data base are reductions in

area from 1 to 94%, tensile strengths from 16 000 to 400 000

psi, high and low notch sensitivities, cyclic hardening and

softening characteristics, and high and low stacking faults. The

low-cycle fatigue equation based on Manson's work is

AE = 3.5 Su Nf -0"12 + D 0"6N} 0"6
E

(40)



where

Ae strainrange
Su material ultimate strength

Nf low-cycle fatigue life in cycles

D material ductility

Equation (40) is based on the actual separation of the test

specimen, and the exponent of-0.6 is indicative of this fact. In

an earlier investigation by Coffin (ref. 9) the exponent of the

cyclic life was suggested to be -0.5. The work by Coffin is also

based on extensive fatigue testing of material. However, Coffin' s

failure criterion is different from the one selected by Manson.

Coffin's failure criterion is the initial cracking of the test

specimen. In fact, he regarded the test complete if he observed

the first visual cracking. In this study Manson's methodology

was used, although it may seem less conservative. The reasons

for selecting a less conservative approach are (1) this study

should be extended to include elastic-plastic analysis and the

fatigue equation should cover the plastic region, (2) a safety

factor of 4.0 was used to reduce the predicted life per equation

(40), minimizing the effects of any uncertainties, and (3)
Manson used a larger material data base than did Coffin,

making Manson's equation more universal.

The strain range in equation (40) is for a specimen loaded in

only the axial direction. The disk material was loaded in two

directions, radial and tangential. Therefore, a strain value

representative of all loads in all directions should be used in this

equation. Mendelson suggests using the equivalent strain

range in equation (40) (ref. 3). The equivalent strain range is

based on the maximum-distortion-energy theory (ref. 10) and

has the following form:

AE = --_(Er - [0)2 + (E0 - Ez)2 + (_r - Ez) 2 (41)

where the subscripts show the strain directions.

The strain in the z direction was obtained by using the plane

stress theory. For a biaxial stress state (the axial stress was

assumed to be zero), the equation for the axial strain can be

expressed as

V

e z =--_(Cl r +oe) (42)

In summary, after the calculations of displacements the steps
taken to predict low-cycle fatigue life were as follows:

(1) Determine the strains by using equations (12), (13),
and (42)

(2) Determine the equivalent strain range by using equa-
tion (41)

(3) Substitute the equivalent strain range into equation (40)

and solve for the low-cycle fatigue life

Material Data Base

A material data base was developed and included in the

computer program used in this study. A primary objective in

developing this methodology was to provide an opportunity for

engineers with varying backgrounds to successfully use it.

Two materials widely used in aircraft engines have been
included in the material data base. These materials are Inconel-

718 and titanium-6 wt% aluminum-4 wt% vanadium (Ti-6AI-

4V). The elastic, thermal, and strength properties ofInconel-718

and Ti-6A1-4V at room temperature were obtained from refer-

ences 11 and 12, respectively. In this methodology the rotating

disk and the blades are selected as Ti-6AI-4V so long as the

towpath stagnation temperature is 1200 °F or less. At tem-

peratures above 1200 °F the materials of the rotating disk and
the blades switch to Inconel-718. The material data base should

be expanded to include more superalloys and to make the

properties temperature dependent.

Structural Design Requirements

The structural design requirements were gathered from

references 13 and 14. The objective of acquiring and imple-

menting these design requirements is to enable users to concep-

tually design the rotating disks within the acceptable known

limits of design practices followed by both NASA and indus-

try. These requirements have been implemented in the com-

puter program such that stress, low-cycle fatigue life, safety

margin, and other output information need not be modified

with any additional safety factors. The requirements are as
follows:

(1) The safety factors based on yield strength and ultimate

strength are 1.1 and 1.5, respectively (ref. 13). The strength

properties obtained from the material data base are decreased

by these safety factors.

(2) The number of cycles to failure should be four times the

number of predicted operating cycles for low-cycle fatigue
(ref. 13).

(3) The maximum operating speed should be set 5 to 10%

higher than the expected maximum compressor or turbine

speed (ref. 13). In this study an overspeed percentage of 15%
(ref. 14) was used.

(4) Disk-web-combined primary and secondary effective

stress should be less than the yield strength (ref. 13).

(5) Disk-bore-combined primary and secondary effective

stress should also be less than the yield strength.

(6) Disk-average primary tangential stress at 120% speed

should be less than 90% of the ultimate strength (ref. 14). This

10



particulardesignrequirementisestablishedbasedontheas-
sumptionthatthediskhasalreadyyielded,thethermalstresses
havebeenredistributedandthusdiminished,diskradialstiff-
nesshascompletelydiminished,andthediskcanonlyreactto
themechanicalloadsinthetangentialdirection.Thisrequire-
mentisconservativebutimportantto use,sinceincaseof
yielding,diskfailureshouldbeprevented.Therotatingdisks
possess large amounts of kinetic energy, and in case of failure,

which means separation of the rotating disk, there is not enough

containment shield to contain the failed pieces. Because the

weight considerations and the aerodynamic design make the

use of such containment shields impractical, rotating disks

should be designed conservatively enough to eliminate the
need for such containment shields.

(7) The rotating disks should be designed by using material

properties for the maximum temperature environment.

Optimization Methodology

Success in a structural analysis is measured by providing

positive, but near zero, structural margins of safety for the user.

For this purpose an existing optimization technique was used.

The optimization technique modifies and improves the rotating

disks if they have negative margins of safety, and saves time for

the user. The time saved by using an optimization technique in

this study was tremendous, since the iterations that must be
done manually by the user are done automatically by the

computer. This time saving can be as high as approximately two

to three weeks per rotating disk. No more than 5 min of elapsed

time was consumed by the computer for the structural optimi-

zation of the rotating disks.

The optimization technique selected for this study was the

sequence of unconstrained minimizations technique (SUMT).

This technique is widely used for solving linear and nonlinear
constraints or unconstrained function minimization problems.

The problem must be formulated as follows:

Minimize F(xl, x 2 ..... x n ) (43)

Subject to gq(Xl,X 2 ..... Xn) >-0 q = 1,2 ..... Q (44)

where

F(Xl, x 2..... Xn) objective functions

gq(Xl, x 2 ..... Xn) constraint functions

Xl, x 2 ..... x n variables to be determined

n number of variables

a number of constraint equations

In this study the objective function to be minimized was disk

mass as obtained per equation (35). The design variables were

r I, tI , r2, r3, t3, and r4. In a practical rotating disk t2 and t4 are

equal to tI and t3, respectively. The remainder of the dimen-

sions (i.e., r5, t5, r6, and t6) were known.

The constraint equations were defined as follows:

r2 - rl > O

r3-r2 >0

r4-r3 >0

rs-r4 >0

s,,
Stresses at bore, web, rim <

1.1

Average tangential stress at 120% speed < 0.9S u

The constraint equations related to the radii and thicknesses
were based on observation of the overall sizes of the E 3

engine's rotating disks. The constraint equations related to the

strength properties, however, were based on the design require-

ments. Finally, the constraint equation related to the life of the

rotating disk was based on the design requirements and refer-

ence 14. The computer program used for the optimization was

NEWSUMT (ref. 15).

The optimization process was as follows:

(1) A rotating disk was given an initial geometry based on
the radii of the shaft and the towpath and the chord length of
the blade.

(2) Given the geometry and loads calculated, the constraints

of the problem were evaluated.

(3) Upon violation of any of the constraints the disk geom-

etry was modified until the conditions for all constraint equa-

tions were met and the weight was a minimum.

Description of Computer Program

A FORTRAN computer program was developed for this

study. The overall flow of this computer program is shown in
figure 5. The computer program was designed to generate the

geometry and the mechanical loads of each rotating disk and

then proceed with the structural optimization analysis. The

user must input the thermal loads into the computer program

through the coefficients of a polynomial representing the radial

11
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Figure 5.--Block diagram of computer program

developed for this study.

temperature profile of the rotating disk. Up to a fifth-degree

polynomial can be used. If the coefficients are not input, the

program sets the thermal loads equal to zero.

Verification

The stress analysis portion of the computer program devel-

oped for this study was verified in two steps. First, a constant-

thickness, mechanically loaded rotating disk was employed for

verification. Next, the 10th-stage, high-pressure-compressor

rotating disk of the E 3engine, which has complex geometry and

loading, was used to complete the verification. Then, the entire

computer program was used to structurally optimize two rotat-
ing disks of the E 3 high-pressure compressor.

When verifying the computer program developed for this

study by using a constant-thickness rotating disk, three meth-

ods were used to calculate the stresses and displacements. The

reason for using three methods was not only to verify the finite

difference technique and the methodology in this study, but

also to determine the accuracy of a finite element technique that

would be used later to verify a more complex rotating disk. The

methodology of reference 16 was used to analytically model a

constant-thickness rotating disk. The loads acting on the

constant-thickness rotating disk were only centrifugal owing to

the capability of the method in reference 16. Then, the stresses

and displacements were calculated. Next, the computer pro-

gram developed for this study was used to model the constant-

thickness rotating disk, and the resulting stresses and

displacements were also calculated. Finally, a finite element

technique, the MSC/NASTRAN computer program, was used

to model the constant-thickness rotating disk, and the resulting

stresses and displacements were recovered (ref. 17). The

respective differences between the stresses and displacements

among the three methods were all less than 5%. The results of

this verification showed that the computer program and the

methodology in this study are accurate for a simple-geometry

disk. Other useful information obtained in this step was that the

MSC/NASTRAN computer program is accurate enough to be

used as a verification tool for complex-geometry rotating disks.

When verifying a computer program, the program should be

supplied with the most stringent input in order to determine its

capabilities and limitations. In the case of the computer pro-

gram developed for this study, the most stringent test would be

to use a complex-geometry rotating disk acted on by a combi-
nation of thermal and mechanical loads. Therefore, the E 3

engine was used for this portion of the verification. To complete
the verification, the 10th-stage rotating disk of the E 3 engine's

high-pressure compressor was modeled by using both MSC/

NASTRAN and the finite difference technique of this study.
Since accurate radial temperature distributions for the E 3

rotating disks were not available and the objective here was

only to verify the methodology, a typical radial distribution for

a rotating disk was assumed (ref. 2).

Figure 6 shows a fringe plot of the Von Mises stresses in the

finite element model of the 10th-stage rotating disk of the E 3

engine's high-pressure compressor. As expected, the stresses

around the bore area (red area of fig. 6) were highest since this

area was essentially the foundation and thus the main load-
bearing section of the structure. The stresses around the rim

area (blue area of fig. 6) were lowest. As the radius decreased,

the stresses increased---bhie changed to red--meaning the
loads increased as the radius decreased. The reason for this load

increase was that the structural material at lower radii carded

the radial loads induced by the material at higher radii. This

argument can be true as long as the temperature gradients at
higher radii are not too much higher than the ones at lower radii.
The results of this verification have been tabulated in table I.

The 10th-stage rotating disk of the E 3 engine was modeled

per its drawing dimensions and was not optimized for weight in
this verification process because the NEWSUMT subroutine is
verified in reference 15.

The final verification step was to structurally optimize the

rotating disks of an engine. The objective of this optimization

was to subjectively examine the methodology and the computer
program by determining whether the results (i.e., dimensions

and weights) were meaningful. Since the layout drawings of the
E 3 engine and its operating conditions were available, the

computer program developed for this study was used to examine

the rotating disks of this engine's high-pressure compressor.
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Figure 6.uFringe plot of von Mises stress for lOth-stage rotating disk of E3 high-pressure compressor.

TABLE I.--RESULTS OF VERIFICATION USING 10TH-STAGE

DISK OF E3 ENGINE

Parameter MSC/NASTRAN Finite Difference,

difference percent

Bore stress, psi 106 175 109 667 3.2

Rim displacement, in. 0.038065 0.038869 2.1

The objective of this examination was only to see how close the

dimensions and weights obtained from this computer program
were to those obtained from the E 3 drawings and the WATE

computer output. One of the design drivers of the rotating disks
is the radial thermal gradients within the disks, and for the E 3

engine these data were not available. Therefore, only the

rotating disks of the second and third stages of the high-pressure

compressor were structurally optimized. The gas temperatures
at these lower stages of the compressor are still low enough

(approximately 600 °F for the second stage and 800 °F for the

third stage) that the thermal loads can be neglected. The results

of this optimization are summarized in tables II and III and

figures 7 and 8.
Figures 7(a) and 8(a) show the dimensions of the second-

stage and third-stage rotating disks as obtained from the com-

puter program developed for this study. Figures 7(b) and 8(b)

show the dimensions of the second-stage and third-stage rotat-

ing disks per the E 3 drawings. The E 3 disks were redrawn to

visually determine whether the overall dimensions obtained by

the methodology in this study sensibly compared with the
dimensions of actual hardware. Examining figures 7 and 8

reveals that the methodology in this study tended to extend the

disks in the radial direction and that in the process the webs

were thinned. Extending the disk and thinning the web makes

sense mathematically and physically. Mathematically, when
the structural mass of the disk is located near its centerline, the

disk will weigh less; thus, the disks should be stretched toward
the centerline. Physically, the structural mass near the centerline

can offer higher tangential stiffness and strength; thus, the
structural mass of the disk should be stretched toward the

centerline.

Examining the values in tables II and III reveals that the

masses calculated by the computer program were lower than
the masses obtained from the E 3 drawings. This finding was

discussed with General Electric, and the explanation was that

since the E 3 engine was not flight hardware, no attempts had
been made to minimize its weight (ref. 18). Therefore, the E 3

disk weights are somewhat higher than what they might have

been for a flight engine.

In an effort to gain a general knowledge of the time con-

sumed by the central processing unit (CPU), the computer

program developed for this study was tested on a VAX-9000
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,a,f"
Figure 7.---Second-stage rotating disk of E3 high-pressure

compressor. (a) Design optimization program code. (b) E3

drawing.

(b)

Figure 8.--Third-stage rotating disk of E3 high-pressure

compressor. (a) Design optimization program code. (b) E3

drawing.

and again on an IBM-RISC6000 computer. The WATE output

for the E 3 engine was used for these two tests, and the objective

was to structurally optimize the high-pressure-compressor

rotating disks. The structural optimization of 10 rotating disks

of the E 3 engine's high-pressure compressor consumed 20 min

of CPU time on a VAX-9000 computer and 30 min of CPU time

on an IBM-RISC6000 computer. No firm conclusion, how-

ever, can be drawn from this CPU time consumption study,

since the structural optimization of 10 rotating disks of the

TABLE II.--RESULTS OF STRUCTURAL OPTIMIZATION OF

SECOND-STAGE DISK OF E3 HIGH-PRESSURE COMPRESSOR

Parameter

Weight, lb
Material

Life, cycles
Average safety

margin

Safety margin

r I , in.

t2 = t 1, in.

r2, in.

r3, in.

t4 = t 3, in.

r4, in.

Method

E3 drawing

56.8

Ti-6AI-4V

(a)
(a)

(a)
4.30

1.25

4.85

6.10

0.25

7.80

WATE

59

Ti-6AI-4v

(a)

Finite

difference

49.3

Ti-6AI-4V

190 000

0.06

0.02
3.54

1.74

3.67

4.24

0.12
7.41

Maximum

difference,

percent

16.4

Co)

aNot provided.

bNot applicable.

TABLE III.--RESULTS OF STRUCTURAL OPTIMIZATION OF
THIRD-STAGE DISK OF E3 HIGH-PRESSURE COMPRESSOR

Parameter

Weight, lb
Material

Life, cycles
Average safety

margin

Safety margin

rl, in.

t2 = t 1, in.
r2, in.

r3, in.

t4 = t 3, in.
r4, in.

Method

E3 drawing

37.69

Ti-6A1-4V

(a)

(a)

(a)
4.30

1.00

4.90

6.10

0.20

8.00

WATE

45

Ti-6AI-4V

(a)

Finite

difference

29.8

Ti-6AI-4V

150 000

0.06

0.11

3.44

0.91
3.74

3.93

0.08

9.04

Maximum
difference,

percent

33.8

Co)

aNot provided.
I_Notappficable.

Advanced Subsonic Engine's high-pressure compressor con-

sumed approximately 10 rain on an IBM-RISC6000 com-

puter. Depending on the geometry and loads of the rotating

disks, the number of users on the computer, and the magnitudes

(memory usage and CPU time usage) of the computer batch

jobs, the elapsed time for the computer program in this study

can vary from 5 min to 1 hr.

Concluding Remarks

A methodology was developed for structurally designing

the rotating disks of an aircraft engine. The structural design

methodology, along with a previously derived methodology

for predicting low-cycle fatigue life was implemented in a
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computer program. An interface computer program was also

developed for this study that gathers all the required data from

a flowpath analysis program currently used by NASA Lewis.

The computer program developed for this study requires no

interaction with the user and can be used as a postprocessor of

the towpath analysis program. The computer program was

verified and validated by employing the finite element analysis

method; the differences between the stresses and displace-

ments obtained from the results of this study and the finite

element analysis were all below 3%.

Future work should consist of

(1) Developing the methodology for a thermal transient

analysis of rotating disks and implementing this methodology

through a computer program. This work should be interfaced

with the computer program developed for this study so that the

thermal loads axe automatically input.

(2) Developing a temperature-dependent material property

subroutine and adding more superalloy materials to the mate-

rial subroutine.

Lewis Research Center

National Aeronautics and Space Administration

Cleveland, Ohio, May 19, 1995.
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